A note on the Smith conjecture  by Cappell, Sylvain E. & Shaneson, Julius L.
T*poloyy \‘ol. 17. pp. 105-107 Pergamon Press 1978. Printed m Great Britam 
A NOTE ON THE SMITH CONJECTURE 
SYLVAIN E. CAPPELL and JULIUS L. SHANESON 
(Receiced 26 January 1977) 
LET Z, DENOTE the cyclic group of prime order p. For p odd the fixed points of a 
smooth action of Z,, on the 3-sphere S3, if non-empty, form a smoothly embedded 
curve, i.e. a knot. P. A. Smith conjectured for all p that the fixed points would always 
be unknotted. For actions of Zz with one-dimensional fixed point set, this conjecture 
was proven by Waldhausen [ IO]. 
In this note we give some new necessary conditions for knots to be fixed point sets 
of Z,-actions. for p odd. The idea is to lift Z+,-actions to interesting branched 
coverings of the 3-sphere, branched along the fixed points, and then to apply the 
methods of transformation groups to these coverings to derive conditions. As exam- 
ples, the Smith Conjecture for two-bridge knots is proven. It is also shown, as a 
special case of our results, that for a “weak 2-bridge” knot to be a fixed point set of a 
Z, action, its Alexander polynomial must satisfy A(-1) = 21. 
Let a C S3 be a knot and let p: r,(S3 - a) + D,, be a dihedral representation of a of 
order q; i.e. D4 = {t, U]U” = I, tut-’ = u-‘}, p is surjective, and the composition of p 
with the map Dq +Z obtained by setting u = 1 is the canonical (abelianizing) sur- 
jection 7~ + Z. (Note that q must be odd. as @t has a non-cyclic abelian quotient.) Let 
M, = MP(ct) be the q-fold dihedral branched covering space of a corresponding to p. 
The branching set BP consists of (q + I)/2 disjointly embedded circles and M, - B, is 
the (irregular) covering space corresponding to the subgroup p-‘(t),(t) c 0, generated by 
t. (See, e.g. [3]). 
Now suppose that Z, acts on S3 with fixed point set cc, and let 2.’ be the quotient 
manifold. Let p C X3 be the image of a. One sees easily that p,X3 = {e}, and r,(S3 - a) 
is the obvious subgroup of a&X3-p) of index p, i.e. the kernel of the Hurewicz map 
reduced mod p. If t: r,(X3- (Y)+ Du is a dihedral representation. then r(p,(S3- a)) is 
easily seen to be the subgroup of D,, generated by t’ = s and U. As this is again the 
group 0, = {s, UJU” = 1, sus-’ = u-‘}. p = r]5r,(S3- a is a dihedral representation, said ) 
to be induced by r. 
PROPOSITION. Let Z, act on S3 with fixed point set a C S3 and with quotient knot P C x3. 
Let p be a dihedral representation of (I of order q which is induced by a dihedral 
representation of /3. Then 
dimzn(H,(M,; &))a (q - 1)/2. 
Proof. Let p be induced by r and consider the composition 
~1: n,(M,-- B,)--I-, {t} - z, = {t]tP = I}; 
recall that by definition a,(M, - B,) = T-‘(t). Write 
B, = PO u Pi u . . . U &q-m 
where the curve &, has branching index 1 and the remaining curves have branching 
index 2. Let yi denote the component that lies near pi of the inverse image under the 
covering projection of a meridian of p. Then yi will be a “meridian” of pi: i.e. the 
boundary of a fiber of a bundle neighborhood pi x D’ of pi. With suitable orientations. 
T(YO) = t, T(yi) = t2 if i > 1. Since t’ generates Z, for p odd. it follows that the bundle 
neighborhood pi X D” may be chosen so that ri(fli x y) = 0, y E 8Dz. 
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Let h?l be the p-fold (unbranched) cyclic covering space of M, - B, corresponding 
to TV; i.e. ~~(2) = 7-‘{tP}, {t”}C Dq generated by t p. With the help of the tubular 
neighborhoods just chosen, one easily sees that fi extends to a p-fold cyclic 
branched cover M = fi U B, of M,, branched along the link B,. Thus M admits a 
&-action with fixed set B a union of (q + 1)/2 curves. 
But the image of n,(M, - B,) in 71,(x - /3) is just 
T_‘(Y) = p-‘(t) c 7r,(S3 - (u) c a,(Z - p). 
From this it follows that (M, B) = (M,, B,). Thus Z, acts on M, with fixed points B, 
By a theorem of Floyd [ I] 
i.e. 
2 dim H;(B,: Z,> s zdim H,(M,; Z,), 
q+ I -(2+2dim H,(M,;Z,). 
as MP is a closed, oriented 3-manifold and so satisfies Poincare duality. Thus 
dim H,(M,; Z,)a (q - 1)/2. 
In general a q-fold dihedral representation of a knot (Y exists if and only if 
qlA.(-l), where A,(x) is the Alexander polynomial of a. If M,(a) is the two-fold 
branched cyclic cover of a, A,(-1) is also the order of H~(Mz(cr)). (See [3], for 
example.) If Q is a 2-bridge knot, M>(a) is a lens space[9]. If a is also fixed by a 
Z,-action, let /3 C X3 be the quotient knot. Then M*(P) has Mz(a) as its p-fold cyclic 
cover, branched along p. Were M&3) a homology sphere, it would be simply- 
connected, as v,M2(P) is easily seen to be a quotient of rIMr(a). As in [7]. this would 
imply* that HI(Mt(a)) is not cyclic. Thus Aa # it 1, i.e. /3 has dihedral represen- 
tations. Hence the Proposition applies for an induced representation p of CY. For two 
bridge knots, however, p,M,(n) is trivial (see [3]), contradicting the conclusion of the 
proposition. Thus we have: 
THEOREM. No two bridge knot is left pointwise fixed by the action of a cyclic group 
on S3. 
With more care one can establish a more general result. 
THEOREM. Let CY c S3 be a knot that is pointwisefixed by an action of Z,. Let p be a 
dihedral representation of a of order q that is unique up to equivalence [5]. Then 
(*) dim H,(M,: Z,) 2 (q - 1)/2. 
In particular if q(A,(-1) and q*,/‘A=(-1) for q prime, then (*) holds for the dihedral 
representation corresponding to q. 
Recall[S] that if qlAa(-l), the corresponding dihedral representation is unique up 
to equivalence iff q{E?(-I), E2 the second elementary ideal of CY. 
The second part of the last theorem can also be proven as follows: if Z, acts with 
Q fixed and with quotient knot in /3 C X3, then it follows from the formula given in [4] 
that A.,(-1) = A@(-1)X*, X an integer. Thus if qlA,(-1) and q’kAa(-l), q[As(-l), at 
least for q a prime. Hence the corresponding representation of (I is induced from p. 
and the proposition applies. It also follows from the same formula that A,(-1) = 
Ap(- I) mod p: i.e. X = ? I (mod p). From this one derives the following two results: 
THEOREM. Suppose A,(- 1) + + I (mod p ). Suppose (Y is the fixed set of an action of 
Z,, in S’. Then a has some dihedral representation p. of order q 2 3 say, so that 
dim H,(M,; Z,,)S (q - l)/2. 
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THEOREM. Let a be the fixed set of an action of Z, in S’. Suppose p > 
d((A,(-l)() + I. Then for every dihedral representation p: n,(S’- a)+ 0, for a, i.e. for 
every q with q(A\,(-1). we have 
dim HdM,; Z,) a (q - 1)/2. 
A two-bridge knot can be defined as a knot with a diagram that is “generated” by 
two arcs. A weak two-bridge knot is one that has a diagram that is “weakly 
generated” by two arcs. In the figure a and x generate y, and x and y weakly generate 
Scheme I. 
a. By applying the Reidemeister Schreier algorithm (see [3]), one can show that for a 
dihedral representation of a weak 2-bridge knot, H,(M,) is entirely 2-torsion. Similarly 
one checks that the homology of the 2-fold cyclic cover of a weak 2-bridge knot is 
cyclic. Hence the above results apply to rule out a Z,-action fixing a weak 2-bridge 
knot (Y with A,(- 1) Z & 1. 
THEOREM. Zf CY is a weak two-bridge knot fixed by an action of Z,,, then A,(- I) = ? 1 
and, in particular, the Kervaire invariant c(a) of Q is trivial. 
The question of the existence of counterexamples to the Smith Conjecture with 
nontrivial Kervaire invariant is important in questions in the study of group actions on 
high-dimensional manifolds [2]. 
Simple effective algorithms for calculating the homology of dihedral covering 
spaces were known to Reidemeister and Fox and the best one is due to K. Perko. Usually 
the first homology turns out to be finite. In this case it follows from the above that the knot 
can be the fixed points of a Z,, action for at most finitely many p. 
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